Abstract. We consider a consistent linear effective vielbein matter coupling without introducing the Boulware-Deser ghost in ghost-free massive gravity. This is achieved in the partially constrained vielbein formulation. We first introduce the formalism and prove the absence of ghost at all scales. As next we investigate the cosmological application of this coupling in this new formulation. We show that even if the background evolution accords with the metric formulation, the perturbations display important different features in the partially constrained vielbein formulation. We study the cosmological perturbations of the two branches of solutions separately. The tensor perturbations coincide with those in the metric formulation. Concerning the vector and scalar perturbations, the requirement of absence of ghost and gradient instabilities yields slightly different allowed parameter space.
Abstract. We consider a consistent linear effective vielbein matter coupling without introducing the Boulware-Deser ghost in ghost-free massive gravity. This is achieved in the partially constrained vielbein formulation. We first introduce the formalism and prove the absence of ghost at all scales. As next we investigate the cosmological application of this coupling in this new formulation. We show that even if the background evolution accords with the metric formulation, the perturbations display important different features in the partially constrained vielbein formulation. We study the cosmological perturbations of the two branches of solutions separately. The tensor perturbations coincide with those in the metric formulation. Concerning the vector and scalar perturbations, the requirement of absence of ghost and gradient instabilities yields slightly different allowed parameter space.
Introduction
The existence of a graviton mass is an unavoidable fundamental question from a theoretical perspective. The pioneering work of Fierz and Pauli marked an important progress [1] . It is the unique mass term at the linear level, which does not lead to the presence of ghosts at the classical level in the theory. Even though theoretically completely consistent, this theory of massive gravity suffers unfortunately from the vDVZ discontinuity [2, 3] , i.e., General Relativity predictions are not recovered in the limit of massless gravitons. The main reason for this is the existence of an additional scalar degree of freedom in massive gravity that couples to the trace of the energy momentum tensor. Obviously the vDVZ discontinuity is just an artifact of the linear approximation. The effects of massive gravity might be cloaked by the Vainshtein mechanism, where the helicity-0 mode interactions become appreciable to freeze out the field fluctuations on small scales. Nevertheless, such non-linear extensions usually have the Boulware-Deser ghost instability when non-trivial backgrounds are considered. Recently, a ghost-free non-linear theory of massive gravity was pushed forward [4] [5] [6] [7] , which has sparked a renewed interest in massive gravity, specially for its possible application in cosmology.
The phenomenological exploration of the theory has triggered a knock-on effect for extensions of the standard formulation. First of all a theoretically well expected no-go result was faced soon [8] . The same condition to remove the Boulware-Deser ghost enforces the absence of flat FLRW solutions in the case of flat fiducial metric. Although a self-accelerating open FLRW solution exists [9] , it suffers from non-linear ghost instability [10, 11] . Trying to bypass this difficulty has initiated considerations of more general fiducial metrics, which sadly was soon doomed to have Higuchi type instabilities in the case of dS reference metric [12, 13] and to protect against acceleration in the case of AdS reference metric [14] . Moreover, the selfaccelerating branch solutions are not affected by the choice of the reference metric and they all behave like the open solutions above [15, 16] . This on the other hand has launched extensions of the theory by adding new degrees of freedom [17] [18] [19] . The study of quantum properties of the potential interactions has motivated a new branch of research for consistent matter couplings in the theory. The requirement of maintaining the special structure of the potential interactions intact at the quantum level yields severe restrictions on the possible couplings. The phenomenological consequences of massive (bi-)gravity depend highly non-trivially on the way how matter fields couple to the massive graviton . The above mentioned difficulties in the cosmological setup arise only in the case of the minimal coupling to one of the metrics, which can be avoided by considering a matter coupling through a very specific admixture of the dynamical and fiducial metric [25] . Considerations of this direction usually reintroduce the Boulware-Deser ghost. The important question there is at what scale this ghostly degree of freedom enters. In the context of the special composite effective metric proposed in [25] , the first non-trivial non-vanishing leading order vector-scalar-matter interactions typically reintroduce the Boulware-Deser ghost assuming full local Lorentz symmetry [41] . However, this does not preclude us from considering these interactions as a consistent effective field theory with the cut-off given by the mass of the ghost. Not only avoids this specific coupling the no-go result for the flat FLRW solutions, it does it so in a very specific way. The mass of the Boulware-Deser ghost on the FLRW background is infinite. This is because the ghostly vectorscalar-matter interactions do not contribute to the background due to the symmetry of FLRW.
Of course it would be more tempting to construct matter couplings in which the absence of the Boulware-Deser ghost is realised fully non-linearly. Not only would this enable the viability of the Vainshtein mechanism, but also enlarge the scale of applicability. A possible way out was argued in [42] by switching to the unconstrained vielbein formulation. The argumentation is simple and elegant. In the case of non-derivative coupling the resulting Hamiltonian is linear in the effective lapse and shift. In the boosted ADM decomposition of the vielbein one can easily express the effective lapse and shift in terms of the lapses and shifts of the two vielbeins. After using the equations of motion for the shift one can integrate out the boost parameters resulting in effective lapse and shift that depends only linearly on the lapses and shifts of the two vielbeins. Hence, the linearity in the lapse and shift enforce the first class primary constraints that remove the Boulware-Deser ghost. So far so good, this argumentation has however an unfortunate loophole. The existence of the secondary constraints is taken for granted. Nevertheless, this turns out to be not the case. In [43] , it was shown explicitly that the Hamiltonian becomes highly non-linear in the lapses once the rotations are integrated out as well, which reflects the absence of the secondary constraints along the line of the analysis performed in [42] . Thus, also in the unconstrained vielbein formulation the Boulware-Deser ghost remains persistent in the non-minimal coupling.
In this work we will consider yet another formulation of the coupling, which we call partially constrained vielbein formulation. For this purpose we shall go along the lines of a recent study in [44] , where the goal was to remove the unwanted, unstable degrees of freedom of dRGT theory, by only keeping its tensor modes. The advantage of this formulation is the absence of the Boulware-Deser ghost to all orders beyond the decoupling limit. Any general vielbein can be decomposed into a Lorentz boost and rotation of a triangular vielbein. In [42] , the integration of the (D − 1) boost parameters in D dimensions yields a linear Hamiltonian, however the integrations of the additional (D − 1)(D − 2)/2 rotation parameters yields a Hamiltonian highly non-linear in the lapses [43] . Our partially constrained vielbeins are constructed such that the rotation parameters do not reintroduce the non-linearities in the lapses. Hence, the argumentation of [42] applies exactly and the loophole found in [43] is removed. We shall further study the cosmological consequences of the partially constrained formulation of the matter coupling. For this we will assume the same background evolution as for the metric perturbations with vanishing boost parameters. However, important differences arise at the level of the perturbations. We shall first present the dRGT theory in the partially constrained formulation in Section 2 and state our convenient conventions and notations. We then prove the absence of the Boulware-Deser ghost related to the non-minimal coupling in this new formulation in Section 3. As next we study the background equations of motion on FLRW space-time in Section 4 with the presence of two branches of solutions. Similarly as in the previous studies of the effective coupling the new coupling enables us to avoid the no-go theorem for flat FLRW solutions. Finally, we shall investigate in detail the stability of the perturbations in the two branches in Section 5.
Partially constrained vielbein formulation
The original formulation of de Rham-Gabadadze-Tolley (dRGT) massive gravity in the metric language is mathematically cumbersome due to the presence of matrix square roots. Not only is the Hamiltonian analysis hindered but also the cosmological perturbations. For instance to prove the existence of the primary constraint one has to perform a highly non-trivial field redefinition of the shift. Since the vielbein is like the square root of the metric, the study of the potential interactions simplify drastically when one uses the vielbein formulation. We can express the two metrics by the corresponding vielbeins as
and
Hereafter, indices A, B, C, D and µ, ν, ρ, σ run from 0 to 3, but indices I, J, K, L and i, j, k, l run from 1 to 3. In terms of this Einstein-Cartan formulation, the potential interactions simply correspond to all possible wedge products of the vielbein of the dynamical metric with the vielbein of the second metric
with the Levi-Civita symbol normalized as ǫ 0123 = −ǫ 0123 = 1. The Einstein-Hilbert term in pure General Relativity written in the vielbein formulation is trivial in the sense, that it corresponds to introducing new non-dynamical fields together with gauge invariances, exactly in the same philosophy as the Stückelberg trick. It admits four diffeomorphisms and six local Lorentz transformations. Introducing the potential interactions breaks these symmetries. In bigravity, the two copies of local Lorentz transformations and diffeomorphisms are broken down to a single copy. Of course one can introduce Stückelberg fields in order to restore the broken Lorentz and diffeomorphism invariance. The vielbein formulation of the bi-gravity theory is dynamically equivalent to the metric formulation if one imposes the symmetric vielbein condition, which is a direct consequence of the equations of motion for the Lorentz Stückelberg field.
In this work we will be concentrating on massive gravity, i.e. the case with non-dynamical fiducial vielbein E On the other hand, after setting the fiducial vielbein to be of the ADM form (2.5), in general the physical vielbein cannot be cast into the ADM form simultaneously. Instead, by using the known fact that any vielbein can be written in the so called boosted ADM form, we parametrize e A µ by the physical lapse N, the physical shift N i , the physical spatial vielbein e I j and the boost parameter b I as
where
. This is not a gauge choice nor a physical condition but simply a reprametrization of a general vielbein. In terms of these variables the physical metric is written as
After fixing the boost part of the overall local Lorentz transformation as (2.5), we further impose the following symmetric condition on the 3-dimensional spatial vielbein:
The condition (2.9) is not a gauge condition but is a physical condition since it is invariant under the spatial rotational part of the overall local Lorentz transformation. Imposing (2.9) thus modifies the original formulation and defines a different formulation. Since the physical condition (2.9) treats the spatial components and the temporal component of the vielbein in a different way, this formulation potentially violates local Lorentz invariance in the gravity sector. We call massive gravity with the symmetric condition (2.9) a partially constrained vielbein formulation of massive gravity.
We thus have (at least) four formulations of the dRGT massive gravity: the metric formulation, the constrained vielbein formulation, the unconstrained vielbein formulation and the partially constrained vielbein formulation. All of the four formulations of the dRGT theory are equivalent on shell, i.e. after imposing equations of motion. This is because in the unconstrained or partially constrained vielbein formulation, the equations of motion set the 4-dimensional vielbein to be symmetric on shell. As we shall see in the following sections, this is no longer the case if we introduce composite coupling to matter fields. The advantage of the partially constrained vielbein formulation is that, unlike other formulations, matter fields can consistently couple to a composite vielbein without turning on a (would-be) Boulware-Deser ghost at all scales.
We have already fixed the boost part of the overall Lorentz transformation by demanding the ADM form as in (2.5). On the other hand, we have not fixed the spatial rotational part of the overall Lorentz transformation. While it is not necessary, for practical purposes it is sometimes convenient to fix the spatial rotational part as well, e.g. by introducing a fixed non-singular 3 × 3 matrix E Jk and imposing the condition
Because of the standard polar decomposition (applied to the 3 × 3 matrix
Jk simply correspond to different choices of the spatial rotational part of the overall local Lorentz transformation, on which the graviton mass term and the Einstein-Hilbert action (as well as the matter action, even with the composite coupling discussed below) do not depend. For example, for the analysis of perturbations around a particular background, it is probably most convenient to choose E Jk to be the background value of δ JL E k L .
On introducing the variables Y B
A and X B A as
we can rewrite the potential interactions (2.2) simply as
In the absence of the composite matter coupling introduced in (2.13) below, i.e. if matter fields minimally couple to the physical metric g µν then the symmetric vielbein (Y AB = Y BA ) is a solution to the equations of motion (as in the unconstrained vielbein formulation) and thus the partially constrained vielbein formulation agrees with the symmetric vielbein formulation and the metric formulation.
Concerning the coupling to the matter fields, we will only allow non-derivative couplings through a specific composite effective metric proposed in [25, 28] . In terms of the composite effective vielbein e
it is constructed as g
with constants α and β. Hence, the action that we will be considering in this work is
where φ represents the matter field. With the composite matter coupling, the partially constrained vielbein formulation results in physical consequences different from those in other formulations, as we shall see in the next section. For the specific homogeneous and isotropic background of interest we will be concentrating on solutions in which Y AB is symmetric. Nonetheless, perturbations around it introduce the antisymmetric part of Y AB in different ways in different formulations.
Absence of the Boulware-Deser ghost
The Einstein-Hilbert kinetic term for the physical metric is invariant under two separate local Lorentz transformations, e
However, the inclusion of the graviton mass terms breaks the two independent copies of local Lorentz transformations to a diagonal combination. Hence the action depends on Λ −1 λ, while it is independent of the overall local Lorentz transformation. Without loss of generality it is thus possible to make use of the overall Lorentz transformation to set the fiducial vielbein E A µ to the ADM form (2.5). Moreover, any general vielbein can be written in the boosted ADM form. We thus reparametrize the physical vielbein e 
where b
In the following we will closely follow the argument presented in [42] 
Since the right hand sides of (3.3) do not depend on N, N i , M and M i , by solving these equations with respect to e In the case studied in [42] , this argumentation unfortunately had a loophole. This loophole was due to the fact that the structure of the Hamiltonian drastically changes after solving the equations of motion for the spatial rotational part of the local Lorentz transformation. This fact was not appreciated in [42] but was later noticed in [43] . In the metric formulation (or equivalently the constrained vielbein formulation) of the dRGT theory without the composite matter coupling, the (would-be) Boulware-Deser ghost is removed by a primary constraint and the associated secondary constraint in the phase space spanned by g ij and their canonical momenta. The presence of such a primary constraint is equivalent to the fact that the Hamiltonian density is linear in the lapse after integrating out the shift vector. The unconstrained vielbein formulation (after fixing the overall local Lorentz transformation), on the other hand, includes not only g ij , the lapse and the shift but also the boost parameters and the spatial rotation parameters as basic variables. One thus needs to show that the Hamiltonian density is linear in the lapse after integrating out not only the shift but also the boost and spatial rotation parameters. This is indeed the case in dRGT theory without the composite matter coupling. In the presence of the composite matter coupling, the argument [42] proves that the Hamiltonian density is linear in the lapse after integrating out the shift and the boost parameters. However, there still remain the spatial rotation parameters. However, as pointed out in [43] , the Hamiltonian density becomes highly non-linear in the lapse after integrating out the spatial rotation parameters as well. Thus the unconstrained vielbein formulation of the effective coupling reintroduces the Boulware-Deser ghost in analogy to the metric formulation. Conversely, in the case of partially constrained vielbein formulation that we study here, the argumentation of [42] is solid. The spatial rotational part of the local Lorentz transformation is already fixed by the symmetric condition (2.9) at the level of the theory and thus there are no spatial rotation parameters in the set of basic variables. After using the equations of motion for the shift, we can integrate out the shift and the boost parameters all together, and the Hamiltonian density remains linear in the lapse as explained above. Hence the loophole of the argumentation in [42] is removed by the symmetric condition (2.9), at the price of losing local Lorentz symmetry. Our setup illustrates a correct realization of the argument given in [42] .
Cosmological background evolution
The no-go result for flat FLRW solutions in the standard formulation of massive gravity [8] has motivated to consider non-minimal matter couplings. In the standard coupling the Stückelberg field equation of motion imposes a non-dynamical scale factor. Non-minimal matter coupling through a consistent composite effective metric softens the restrictions on the scale factor and one can easily construct exact FLRW solutions with flat reference metric [25] . In the vielbein formulation this effective composite metric corresponds to a linear effective vielbein built additively out of the two vielbeins. In the metric formulation this non-minimal coupling reintroduces the Boulware-Deser ghost, however, this does not prevent one to view this coupling as effective field theories below some cutoff scale. It was argued that the Boulware-Deser ghost might remain absent in the unconstrained vielbein formulation, but unfortunately the absence of the secondary constraints was proven very soon. The setup that we are using here corresponds to the correct realisation of the argument given in [42] . In the previous section we have explicitly shown the ghost absence in the partially constrained vielbein formulation. This motivates us to investigate the cosmological implications of this model further. 
The corresponding tetrads read 2) and similarly the diagonal symmetric matrix Y AB takes the form
Accordingly, the composite effective metric on this background corresponds to the line element 4) where N eff is the effective lapse function and a eff stands for the effective scale factor
As for the matter sector, we will only consider a generic scalar field φ minimally coupled to the effective metric
Since the scalar field has to be compatible with our above homogeneous and isotropic Ansaetze, we will impose that the scalar field depends only on time φ = φ(t) at the background level. For later convenience let us also introduce the following quantities
with H denoting the expansion rate, A ≡ a 0 /a the ratio of the scale factors and r the speed of light propagating in the fiducial metric with respect to the one propagating in the dynamical g metric. The action on the homogeneous and isotropic background simplifies to
where we introduced the shortcut notations for manageability
with U ,A = ∂ A U. After varying the mini-superspace action (4.10) with respect to the lapse N we obtain the Friedmann equation
where it becomes clear that ρ m denotes a dimensionless effective energy density from the mass term and ρ ≡ 2 ∂ χ P (χ, φ) χ − P (χ, φ) is the associated energy density of the matter field. The acceleration equation results from combining the equation of motion for the scale factor a with the Friedmann equation ∂ A ρ m (A) and the pressure of the matter field P = P (χ, φ). Similarly, the variation of the mini-superspace action with respect to the scalar field yields
which just correspond to the standard conservation equation for a field minimally coupled to the g eff metric. Finally, the contracted Bianchi identity gives the constraint equation
Generically, this equation defines two branches of solutions: Branch-I H = H f A and Branch-II J ∝ P . When we study the perturbations, we will consider both branches of solutions separately. At this stage, it is worth to mention that for Minkowski fiducial metric a f = a 0 and H f = 0, only the second branch gives an expanding solution. In fact integrating the above equation for the case of Minkowski fiducial metric yields [46] 
where κ is a dimensionless integration constant, independent of the normalization of the scale factor. The contracted Bianchi identity together with its integrated version in the case of Minkowski fiducial metric permit to relate the kinetic and potential energy density of the matter field to the graviton mass terms. The Friedmann equation can thus be brought into the form
Similarly, one can also remove the explicit χ dependence in the acceleration equation (4.13), yielding
which is nothing else but the time derivative of the previous equation (4.17) . In the present study, we will not make use of this fact, and we will keep the fiducial metric arbitrary. As expected, the background evolution is exactly the same as in the metric formulation. Note that this is not surprising since we considered here background solutions with symmetric Y AB . There could be other interesting background evolution with a non-zero Y [AB] background values. Even in our case with the vanishing Y [AB] we expect non-trivial differences to the metric formulation at the level of the perturbations.
For later convenience in the study of perturbations we introduce the quantity 19) and the following relations that hold
Stability of the perturbations
As we have seen in the previous section, the coupling of the matter fields through a very specific admixture of the dynamical and fiducial vielbeins avoids the no-go result for flat FLRW solutions in massive gravity. In the metric formulation it was explicitly shown, that the Boulware-Deser ghost is absent around FLRW solutions [25] . In our partially constrained vielbein formulation this is true in general for any background. The ghost is maintained absent non-linearly by breaking explicitly the local Lorentz invariance. Even if the Boulware-Deser ghost is removed, it is important to investigate how the remaining physical degrees of freedom behave on top of the background that we are interested in. For this purpose we shall adopt the boosted ADM formulation where the physical tetrad can be written as 
while the triads are decomposed through
Notice that the decomposition of the metric perturbations coincide with the ones in [46] at linear order. Finally, the perturbation to the scalar field is introduced by
In the following we study in detail the stability of tensor, vector and scalar perturbations in the two branches of solutions and exploit the conditions to avoid ghost and Laplace instabilities. For this purpose we will further decompose the perturbations in Fourier modes with respect to the spatial coordinates
where F represents the perturbations (Φ, ψ, E, B, δφ, v) and (B I , E I , v I , h IJ ) respectively. In the remainder of the paper, we will omit the subscript k associated with the mode functions for the sake of clarity of notation. We shall perform the stability analysis of the perturbations for each sector separately in what follows.
Branch-I
As we mentioned above from the constraint equation (4.15) one obtains two branches of solutions. Let us first investigate the perturbations on top of the Branch-I solutions with H = AH f and analyse the parameter space that is free from the ghost and Laplace instabilities.
Tensor perturbations
We start the stability analysis with the transverse-traceless fluctuations. Our action (2.15) perturbed to second order in tensor perturbations has the form
with the mass term defined as
First of all the tensor perturbations have the right sign for the kinetic term and also the right condition for absence of gradient instabilities. The only condition comes from the requirement to avoid tachyonic instability m T > 0.
Vector perturbations
As next we can compute our action perturbed to second order in vector perturbations:
where we have introduced the following definitions for convenience
Note that the vector fields v I and B I are non-dynamical degrees of freedom. We can therefore compute their equations of motion and integrate them out. Solving the equations of motion for v I and B I , we obtain
We can plug back these solutions in the quadratic action (5.10) and obtain
with
. We have to impose that the vector perturbations have the right sign for the kinetic term K 2 V > 0 in order to avoid ghost instabilities. We can rewrite the kinetic term explicitly as
(5.14)
At high momenta, the condition is rather cumbersome. At low momenta in the regime where M 
Scalar perturbations
As next we will study the stability of the scalar perturbations in our partially constrained vielbein formulation of the dRGT theory with the effective coupling. As we mentioned above, five dof appear in form of a scalar field Φ, B, v, ψ, E, δφ, from which three (Φ, B and v) are non-dynamical and will be integrated out. The equations of motion for Φ, B and v are, respectively
where we made use of the sound speed of the matter field
Using the solutions of these equations reduces the action to contain three degrees of freedom only. We find that a convenient basis to remove the would-be Boulware-Deser degree is
This choice of basis is just convenience since the subhorizon limit of the kinetic term turns out to be of order k 0 . The basis used for Branch-II will be a different one. In this basis the mode ψ becomes non-dynamical. Integrating it out, we end up with two dynamical modes, with action
The exact form of the 2 × 2 matrices
and M T = −M are very cumbersome, although the subhorizon expansion yields relatively manageable expressions. The components of the kinetic matrix at leading order in this expansion (O(k 0 )) gives
One can rotate the basis such that the eigenvalues become
In the regime where the matter sector is parametrically subdominant under the mass term, the second eigenvalue gives a condition reminiscent of Higuchi bound, i.e. m 2 J(m 2 J A−2 H 2 )/r > 0. In massive gravity, H f itself is determined by the geometry of the fiducial metric, which is a fundamental quantity. Therefore, keeping H f generic implicitly neglects some necessary information. For instance, if the fiducial metric is maximally symmetric, this gives a new relation between J and the matter components. For this example, the second kinetic eigenvalue is simply 22) which is positive if the sufficient conditions α > 0 and r > 1 are satisfied. This example can also be applied to the vector mode and the vector kinetic term can be found to be positive if these conditions, along with β > 0 are satisfied. The anti-symmetric mixing-matrix is of order
, so it does not contribute to the speed of propagation. Finally, the components of the mass matrix are
For a mode with subhorizon frequency ω = C S k a + O(k 0 ), and taking into account the leading order expressions of the above matrices, we can obtain the propagation speeds of the modes C 2 S by solving det −ω
Branch-II
We would like now study also the behaviour of perturbations on top of the Branch-II solutions with the constraint equation
Pl a 2 P . Similarly as in the previous section we will perform the stability analysis of the perturbations for each sector separately.
Tensor perturbations
We shall again start our stability analysis with the transverse-traceless part of fluctuations. The action (2.15) perturbed to second order in tensor perturbations is this time 26) with the different mass term defined now as
Again the tensor perturbations on top of the Branch-II solutions have already the right sign for the kinetic term and also for the absence of gradient instabilities. The condition for absence of tachyonic instability this time becomesm T > 0. Actually, the tensor perturbations coincide exactly with the tensor perturbations obtained in [46] for the metric formulation. This is no surprise, since the boost parameters ω AB contribute only to the vector and scalar perturbations (5.3) in our partially constrained formulation of the vielbein. Even if the mass termm 2 T has a very different form at first sight, it is actually the same as in Ref. [46] . This becomes clear after using the following identification of the parameters between the two formulations:
With this identification, we observe that J does not get modified from one construction to the other, while
Using these relations, equation (5.27) reduces in fact to the one in Ref. [46] .
Vector perturbations
As in the previous section our vector modes consist of the non-dynamical degrees B I , v I and the dynamical degrees E I . The action quadratic in vector modes reads: 30) where this timē
We remark that the metric formulation corresponds to v I = B I /(1 + r), reducing to the action in [46] at this stage. This can be verified by looking at the mass terms L n quadratic in perturbations. In the boosted ADM formulation, one has
In other words, the fully constrained tetrad formalism, which is equivalent to the metric formulation, requires ω IJ = 0 and ω 0I = N I /(1 + r) at linear order around FLRW. This is nothing but the symmetric vielbein condition, i.e. Y [AB] = 0. We again depart from the metric formulation by solving the equations of motion for v I , together with B I , obtaining
Using these solutions back in the action, we obtain:
The kinetic term for the vector mode can be written explicitly as
At high momenta, assuming ρ + P > 0, the no-ghost condition corresponds simply to α > 0, β > 0.
Scalar Perturbations
As we introduced in the previous section the scalar sector contains six degrees of freedom in total: Φ, B, ψ, E, v and δφ. Out of these Φ, B, v and a linear combination of the remaining ones are non-dynamical. Again, the metric formulation corresponds to fixing the boosts with v = B/(1 + r). The action, as usual, is not suitable for presentation. However, we quote here some of the intermediate steps. The equations of motion for Φ, B and v are, respectively
The mixing matrix already has one independent component, which is, at leading order:
Finally, the mass matrix is also diagonal at leading order, with
Then, for a mode with subhorizon frequency
we can obtain the propagation speeds of the modes C 2 S by solving
Considering the leading order terms of the matrices, the equation can be simplified as This is a quadratic equation for C 2 S and the solutions can be easily found, although they are not very instructive. An interesting limit is β → 0, which corresponds to the minimally-coupled matter limit: In other words, for vanishing β one of the modes becomes instantaneous, while the other one is the matter degree as it propagates with the sound speed of the fluid. This is the standard "vanishing kinetic terms" issue of dRGT in self-accelerating branch with minimally coupled matter [15] .
Conclusions
The question of consistent matter couplings within the framework of massive gravity is crucial for maintaining the ghost freedom. The specific quantum properties of the theory have motivated the consideration of an effective matter coupling [25, 47] . This matter coupling through a very specific admixture of the dynamical and fiducial metric avoids further the No-go result for flat FLRW solutions. However, this coupling reintroduces the Boulware-Deser ghost. It is an indispensable question to address at what scale this ghostly degree of freedom enters. Of course these interactions can be still considered as a consistent effective field theory with the cut-off scale dictated by the mass of the ghost. On top of a FLRW background the corresponding Boulware-Deser ghost remains absent at second order of perturbations at the level of the action and its mass on this background is infinite. A crucial step would be to study the perturbations on top of an anisotropic background and investigate in detail the mass of the ghost.
Even if one can use the matter coupling through the composite effective metric in the sense of effective field theory, it would be more appealing to find consistent matter coupling in which the absence of the Boulware-Deser ghost is realised fully non-linearly. It was argued that this might indeed be possible in the unconstrained vielbein formulation of the theory [42] . Using the boosted ADM decomposition of the vielbein one can easily show that the effective lapse and shift functions remain linear in the lapses and shifts of the two vielbeins after integrating out the boost parameters resulting in first class primary constraints. With the help of the associated secondary constraints the Boulware-Deser ghost can be eliminated. Unfortunately, the absence of the secondary constraints was shown very soon [43] . In other words the integration of the rotations gives rise to a highly non-linear dependence on the lapses. This means that also in the unconstrained vielbein formulation it is not possible to avoid consistently the Boulware-Deser ghost.
In this present paper we exhausted yet another formulation of the theory, the so called partially constrained vielbein formulation (along the lines of [44] ), with the attempt to remove the Boulware-Deser ghost fully non-linearly. This formulation guarantees the absence of the ghost to all orders beyond the decoupling limit. For this purpose we also adapted to the boosted ADM decomposition. After proving the ghost absence, we studied the cosmological application of this formulation within the context of the non-minimal matter coupling in form of a k-essence model. Even if the background evolution is the same as in the metric formulation for vanishing background boost parameters, the dynamics of the perturbations is crucially different. This allowed us to put different constraints on the parameters of the theory coming from the requirement of ghost and Laplacian instabilities absence. An important question to further investigate would be whether or not the ghost absence can be maintained in a different decomposition of the vielbein rather than the boosted ADM decomposition. It would be also very interesting to apply the partially constrained vielbein formulation to the new quasi dilaton extension of massive gravity or similarly to bigravity and investigate their cosmological implications.
